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Recently, Lee et al. have shown that local PTsymmetric quantum dynamics is incompatible with the no-signaling principle resulting from special relativity [24] . Like in a standard Bell test with an entangled photon pair, their setup comprises a source which emits two entangled photons to two remote observers Alice and Bob. Both observers can choose different local measurement settings A and B. The no-signaling theorem then states that the local measurement statistics at one of the observers' sites should not be influenced by the choice of measurement of the other observer [25] . Lee et al. showed that this principle can be violated, if a PT-symmetric HamiltonianĤ locally acts on one of the two subsystems. In contrast, HermitianĤ preserve the principle. To reach this result, two assumptions are made in the analysis: (1) The local quantum PT symmetric system is compatible with the conventional quantum theory; (2) The post-measurement process which is Hermitian is compatible with the PT symmetric evolution. Neglecting the possibility of superluminal signaling, one of the two assumptions must be violated. Lee et al. conclude that PT-symmetric quantum theory is not likely to be a fundamental theory of nature. Very recently, the no-signaling principle was also experimentally tested using entangled photon pairs in an open quantum system which effectively simulates a PT-symmetric evolution [26] by postselection.
Here, we go one step further and show that the nosignaling principle can already be violated with classical inseparable laser beams in an optical local PT-symmetric system. This suggests that the problems associated to local P T -symmetric subsystems raised in Ref. [24] are not exclusive to quantum mechanics, but already exist in the classical case. We also propose a possible implementation of the P T -symmetric subsystem using lasercontrolled atoms.
In the quantum case, the two remote observers Alice and Bob act as independent subsystems, which is possible due to the non-local nature of the entangled photon pair. Our classical setup illustrated in Fig. 1 does not allow for non-locality. Instead, it considers polarization and position of laser beams as two independent subsystems A and B, which are combined into a classical inseparable state. The beam splitter BS and the local non-Hermitian optical HamiltonianĤ opt act only on the position subsystem, while the half-wave plate HWP acts on the polarization subsystem. The polarization sensitive beam splitters PBS1 and PBS2 enable detection conditioned on position and polarization. M i are mirrors to guide the beams. In the following, we discuss these components and our scheme in more detail.
Two subsystems.
As the first subsystem A, we T are the corresponding horizontal and vertical polarization directions. To define the second subsystem B, we introduce two laser beams, which we label as upper (u) and lower (l) beam, respectively. The beams co-propagate in z direction with equal frequencies, and are characterized by field amplitudes E u (r ⊥ , z) and E l (r ⊥ , z). We assume that the carriers of the field amplitudes do not overlap in space. Then, the polarization vectors and field amplitudes satisfy the orthogonality relations
where δ mn (m, n ∈ {+, −}) and δ ij (i, j ∈ {u, l}) are Kronecker delta functions. We can therefore interpret the polarization vectors {σ + , σ − } and the field amplitudes {E u (r ⊥ , z 1 ), E l (r ⊥ , z 1 )} as orthonormal bases for two two-dimensional spaces. In the following, we will refer to them as polarization and position basis, respectively.
For the subsequent analysis, we derive the representation of the parity operator in the position basis. To simplify the analysis, we choose
such thatP simply swaps the two beams spanning the position space. In practice, the initial field amplitudes can be chosen, e.g., as
2 to satisfy Eq. (2) . If further the beam displacement r 0 in the transverse plane is much larger than the beam waist w, i.e., |r 0 | w, then also Eq. (1b) can be satisfied.
Initial state. As initial field, we choose
This input field is a classical inseparable state, correlating the position and polarization subsystems. Such classical inseparable states are reminiscent of bipartite entangled states [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] , but are not quantum entangled, since they lack nonlocality [27, 37] . Classical inseparable beams have found applications in metrology [33, 38] and information processing [39, 40] , and also have proven valuable in visualizing abstract concepts in low-dimensional Hilbert spaces [27, 31, 34, 36, 41] . Experimental setting in position space.
Using the mirror pair M 1 , the input field is directed onto the BS, which acts on the position basis, but not on the polarization basis. It serves as the local experimental setting for the position subsystem. In the two-dimensional position space, its action can be represented by
where r and t represent the reflection and transmission coefficients, respectively. Assuming a lossless BS, energy conservation imposes r 2 + t 2 = 1 and θ 2 − θ 1 + θ 3 − θ 4 = π [42] . In the following, we choose θ 2 = θ 3 = 0 and θ 1 = θ 4 = −π/2. After the BS at the second mirror pair M 2 , the total field can be written as
Note that due to the beam splitter, the transmitted E u (r ⊥ , z 1 ) merges with the reflected E l (r ⊥ , z 1 ) to form E l (r ⊥ , z 2 ) after the BS, and similarly for E u (r ⊥ , z 2 ).
PT-symmetric medium. After the beam splitter, the field is directed to an optical medium, through which it propagates according to i ∂ ∂z E =Ĥ opt E. The optical HamiltonianĤ opt acts only on the position basis. Specifically, we assume a propagation dynamics as described by the coupled paraxial wave equations
where k is wave numbers of the two beams. Real coefficients η 1 , η 2 and φ 1 , φ 2 ∈ [0, 2π) are determined by the properties of the medium. The optical HamiltonianĤ opt then follows aŝ
H opt is Hermitian for φ 1 = 0, but non-Hermitian otherwise. SinceĤ opt =PTĤ optPT , it is PT symmetric witĥ P defined in Eq. (2) andT defined asT : i → −i. Note that the term ∂ 2 /∂r
2
⊥ gives rise to paraxial diffraction, which may cause distortions to the spatial distribution of the two beams. However, in the final measurement, only the beam intensities are considered, and not their spatial shape. Thus, we neglect diffraction in the following analysis. Then, the optical propagation operator M opt (z) = e −iĤoptz , evaluated at propagation distance L, becomes
Here, sin α = η 1 sin(φ 1 )/η 2 . The medium length is given by L = π/(2η 2 cos α). We have further used
After the optical medium, at mirror pair M 3 , the field evaluates to
where the Pauli operatorσ x acts on the position basis and reflects the fact that the upper and lower beams have been interchanged while passing through the medium. Note that this exchange could be reversed with another set of mirrors, without changing the results of the subsequent analysis. Experimental setting in polarization space. As the last step before the measurement, the beam passes a half wave plate HWP which acts only on the polarization degree of freedom. The HWP determines the experimental setting in polarization space, and is characterized by a rotation in plarization space [27] with e h → cos(β)e h − sin(β)e v and e v → sin(β)e h + cos(β)e v .
Detection. Finally, the beam is split into four output signals according to polarization (h, v) and position (u, l) via the polarizing beam splitters PBS1 and PBS2. At each of the four output ports, the respective field intensities are recorded. They can be evaluated to give
where
The W nj serve as joint measurements on the position (n ∈ {u, l}) and polarization (j ∈ {h, v}) degrees of freedom. Normalizing to the total intensity, we further define joint probabilities
and the single probabilities of subsystem A for polarization j ∈ {h, v} become
According to the no-signaling principle, the single probabilities for one subsystem should not be affected by the choice of the measurement setting in the other subsystem. In particular, P (h) and P (v) should not depend on the properties of the beam splitter, i.e., should not be a function of r and t. Nevertheless, we find that
In general, P A (h) and P A (v) do depend on r and t, such that the no-signaling principle is violated. The nosignaling principle only holds if α = 0, which corresponds to the case of a Hermitian optical HamiltonianĤ opt . Note that the single probabilities related to the position degree of freedom P B (n) = P (n, h) + P (n, v) with n ∈ {u, l} evaluate to 1/2, such that they do not depend on the experimental setting β in polarization space. This is reasonable because the non-Hermitian contribution only acts on position space.
Finally, to test the classical nature of our system, we analyze a CHSH-like inequality [43] [44] [45] [46] [47] . Defining
Here, r = sin ϕ, and S 0 is the result in the Hermitian case α = 0. A direct calculation leads to S 0 ≤ 2, where 2 is the classical bound. Since S < S 0 , the CHSH-like quantity does not exceed the classical bound, even if the no-signaling principle is violated.
Discussion.
We have demonstrated that the nosignaling principle can be violated in a classical system involving a non-Hermitian PT-symmetric subsystem. We therefore conclude that the problems associated to local P T -symmetric subsystems raised in Ref. [24] cannot exclusively be linked to quantum mechanics, since they already exist in classical settings. This suggests that these problems are related to the peculiar properties of the P T -symmetric dynamics itself.
It should be noted that in our classical case, the beam polarization and its spatial profile used as the two subsystems are intrinsically inseparable. In particular, it is not possible to spatially separate them in order to perform independent measurements, which usually is a requirement for the violation of the no-signaling principle. From this a loophole arises in that a mechanism unaccounted for in our classical theory could lead to an exchange of information between the two subsystems without violating causality. However, we regard this loophole as the most unlikely option. A further analysis shows that the classical inseparable initial state and the PT-symmetric subsystem as such are not sufficient for the violation. For example, if the local PT-symmetric medium is placed in front of the BS, then the no-signaling principle is preserved. In this case, the PT-symmetric medium in essence only changes the initial state to a conventional optical setup with BS, HWP and the detection system. Since the latter optical system preserves the no-signaling theorem independent of the initial state, no violation is possible.
In order to experimentally test the violation of the no-signaling theorem in our classical setup, one has to implement the optical Hamiltonian Eq. (6). This is possible by exploiting laser-matter interactions. A possible implementation is shown in Fig. 2 . Suppose that E u and E l propagate through an ensemble of atoms which consists of two different atomic species. Species 1 features a four-level double-lambda level structure. The two fields E u and E l couple to the transitions |1 ↔ |3 and |1 ↔ |4 , respectively. Two additional resonant control fields with Rabi frequencies Ω c1 and Ω c2 enable a degenerate four-wave mixing (DFWM) process. The control fiend parameters are chosen such that the conjugate anti-diagonal elements ofĤ opt are realized. E u is further coupled to species 2 with a N -type level scheme. Two additional control fields Ω c3 and Ω c4 create an active Raman gain (ARG) configuration such that the absorption experienced by E u from atomic species 1 is overcompensated. By suitably adjusting this gain, the complex conjugate diagonal elements of the optical Hamiltonian can be obtained.
This implementation crucially relies on the assumption that E u and E l can selectively be coupled to particular transitions. While it is possible in principle to exploit the different propagation directions of the two beams, a simpler approach is to use particular polarization states. This becomes possible, if one considers only two BS settings (i) r = 1 and t = 0; (ii) r = 0 and t = 1, which are sufficient to observe the violation of no-signaling principle. In these two cases, E u and E l have definite and orthogonal polarization states, such that selective coupling becomes possible. It should be noted, however, that then the action of H opt depends on the polarization state. But it is possible to adjust the control field parameters in such a way that the same optical Hamiltonian is achieved for both cases (i) and (ii), see Fig. 2 .
In conclusion, we found that the no-signaling principle can be violated with classical inseparable laser beams in the presence of a local optical PT-symmetric subsystem. The possibility to implement local optical PT-symmetric subsystems via light-matter interactions enables the experimental exploration of problems associated to local PT symmetry, and provides a handle to subtle quantum concepts via classical analogues.
